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Abstract. The aim of this note is to give a type of characterization of Banach
spaces in terms of the stability of functional equations. More precisely, we prove
that a normed space X is complete if there exists a functional equation of the
type
n∑
i=1
aif(ϕi(x1, . . . , xk)) = 0 (x1, . . . , xk ∈ D)
with given real numbers a1, . . . , an, given mappings ϕ1 . . . , ϕn : Dk → D and
unknown function f : D → X, which has a Hyers–Ulam stability property on
an infinite subset D of the integers.
1. Introduction
The basic problem of the stability of functional equations was formulated by
S. Ulam in 1940 in the following form. Suppose that a function f satisfies the
so called Cauchy (or additive) functional equation f(x + y) = f(x) + f(y) only
approximately. Then does there exist an additive function which approximates f?
(Cf. also [18].) In 1941, in the paper [6], D. H. Hyers gave the following answer to
this question. If B1 and B2 are Banach spaces and for a nonnegative real number
ε and a function f : B1 → B2 we have ‖f(x + y)− f(x)− f(y)‖ ≤ ε (x, y ∈ B1)
then there exists a unique function a : B1 → B2 satisfying a(x+y)−a(x)−a(y) =
0 (x, y ∈ B1) and ‖f(x) − a(x)‖ ≤ ε (x ∈ B1). We note that the same problem
was posed (and solved) in 1925 in Gy. Po´lya and G. Szego˝’s book [13] (Teil I,
Aufgabe 99) in the context of natural numbers. Stability problems of the type
above have been investigated by several authors during the last decades. Surveys
of the results can be found, among others, in the papers [2] by G. L. Forti, [4] by
R. Ger, [11] by Z. Moszner and in the books [7] by D. H. Hyers, G. I. Isac and
Th. M. Rassias and [8] by S.-M. Jung.
In most stability theorems for functional equations, the completeness of the
target space of the unknown functions contained in the equation is assumed.
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In the present paper, we investigate the question, whether the stability of a
functional equation implies this completeness.
During the 25th International Symposium on Functional Equations in 1988,
this problem was considered by J. Schwaiger, who proved that if X is a normed
space then the stability of Cauchy’s functional equation
f(x + y) = f(x) + f(y) (x, y ∈ Z) (1)
for functions f : Z→ X implies the completeness of X (cf. [14]). G. L. Forti and
J. Schwaiger proved in [3] that an analogous statement is valid if the domain of
f is an abelian group containing an element of infinite order. In [10], Z. Moszner
shoved that the assumptions of this theorem are essential and presented some
applications of the result above.
At the Conference on Inequalities and Applications ’07 in 2007, M. S. Moslehian
formulated the problem whether a similar property is valid for the square norm
equation
f(x + y) + f(x− y) = 2f(x) + 2f(y) (x, y ∈ Z) (2)
(cf. [9]). This question was answered in the affirmative by R. Ger and, indepen-
dently, by P. Volkmann during the same meeting as well as, in a more general
setting, by A. Najati in [12]. In [5], an analogous theorem was presented for
monomial functional equations on the set of positive integers. In this paper, we
prove a generalization of these results for a class of linear functional equations.
2. Stability and completeness
Let D be an infinite subset of Z and let X 6= {0} be a normed space. Let us
consider the functional equation
n∑
i=1
aif(ϕi(x1, . . . , xk)) = 0 (x1, . . . , xk ∈ D) (3)
where n is a positive integer, a1, . . . , an are given real numbers, ϕ1 . . . , ϕn : D
k →
D are given functions and f : D → X is an unknown function.
We say that this functional equation satisfies a (strong) Hyers–Ulam stability
property on D, if there exists a polynomial p of degree of at least 1 on D such
that pb solves (3) with some b ∈ X, b 6= 0; furthermore, if, for a function f : D →
X, the left hand side of equation (3) is bounded, then there exists a function
g : D → X, which has the form g(x) = p(x)c, (x ∈ D), with a c ∈ X, satisfies
equation (3) and the difference f − g is uniformly bounded on D.
Obviously, the class of equations given in (3) contains the Cauchy equation (1),
the square norm equation (2) and several other well-known functional equations
as a special case. It is also easy to see that monomial functional equations, poly-
nomial functional equations and, using the notation above, even linear functional
equations of the form
n∑
i=1
aif(pix + qiy) = 0 (x, y ∈ Z), (4)
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where p1, . . . , pn and q1, . . . , qn are given integers and f : Z → X is an un-
known function, are contained in the class (3). Concerning the investigations of
functional equations of this type, we refer to L. Sze´kelyhidi’s works [16], [17],
W. H. Wilson’s article [19] and the references therein. The Hyers–Ulam stability
of the class of equations (3), in this general form, has not been investigated yet.
The stability of (4), under certain circumstances, was proved in L. Sze´kelyhidi’s
paper [15].
In the following, we consider a reverse statement. We note that, obviously,
there are several equations belonging to classes (3) and (4), which do not satisfy
the Hyers–Ulam stability property above (although they are stable in the sense
of Hyers–Ulam).
Theorem. Let X be a normed space. If there exists a functional equation of
type (3) which has the Hyers–Ulam stability property above on an infinite subset
D of the integers then X is complete.
Proof. Let X¯ be the completion of X and let c¯ ∈ X¯. Let, furthermore, g : D →
X¯ be given by the formula g(x) = p(x)c¯, (x ∈ D), where p is the polynomial
considered in the definition of the stability property. Since X is dense in X¯,
there exists a function h : D → X, such that
‖g(x)− h(x)‖ ≤ 1 (x ∈ D). (5)
Obviously, g is a solution of (3); therefore,∥∥∥∥∥
n∑
i=1
aih(ϕi(x1, . . . , xk))
∥∥∥∥∥
≤
∥∥∥∥∥
n∑
i=1
aih(ϕi(x1, . . . , xk))−
n∑
i=1
aig(ϕi(x1, . . . , xk))
∥∥∥∥∥+
∥∥∥∥∥
n∑
i=1
aig(ϕi(x1, . . . , xk))
∥∥∥∥∥
≤
n∑
i=1
|ai| =: K (x1, . . . , xk ∈ D)
The stability property implies the existence of a c ∈ X \ {0} such that
‖h(x)− p(x)c‖ ≤ L (x ∈ D), (6)
with some L ∈ R. Using inequalities (5) and (6), we obtain
‖p(x)c¯− p(x)c‖ ≤ ‖p(x)c¯− h(x)‖+ ‖h(x)− p(x)c‖ ≤ 1 + L,
thus,
‖c¯− c‖ ≤ 1 + L|p(x)| (x ∈ D, p(x) 6= 0).
Letting |x| −→ ∞, we get that c¯ = c which yields our statement. 
Remark. The result above leads to the question whether there exists a func-
tional equation which is stable in the sense of Hyers–Ulam but the target space of
the function contained in the equation is a not necessarily complete linear normed
space. In [1], R. Badora, B. Przebieracz and P. Volkmann presented a functional
equation which has that property. They proved that if G is a group, X is a linear
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normed space and there exists a nonnegative real number ε such that a function
f : G→ X satisfies the inequality
‖f(xy)− f(yx)‖ ≤ ε (x, y ∈ G),
then there exists a function g : G→ X which solves the equation
g(xy)− g(yx) = 0 (x, y ∈ G)
and fulfils
‖f(x)− g(x)‖ ≤ ε (x ∈ G).
Acknowledgement. The research of the third author has been supported
by the Hungarian Scientific Research Fund (OTKA) Grant NK-81402 and by
TA´MOP-4.2.1/B-09/1/KONV-2010-0007/IK/IT and TA´MOP-4.2.2.C-11/1/KONV-
2012-0001 projects. These projects have been supported by the New Hungary
Development Plan, co-financed by the European Social Fund and the European
Regional Development Fund, furthermore, by the European Union, co-financed
by the European Social Fund, respectively. The fourth author would like to thank
the Tusi Mathematical Research Group (TMRG).
References
[1] R. Badora, B. Przebieracz and P. Volkmann, Remark (Stability of the functional equation
f(xy) = f(yx) on groups), Ann. Math. Silesianae, to appear.
[2] G.L. Forti, Hyers–Ulam stability of functional equations in several variables Aequationes
Math. 50 (1995), 142–190.
[3] G.L. Forti and J. Schwaiger, Stability of homomorphisms and completeness, C. R. Math.
Rep. Acad. Sci. Canada 11 (1989), 215–220.
[4] R. Ger, A survey of recent results on stability of functional equations, Proc. of the 4th
International Conference on Functional Equations and Inequalities, Pedagogical University,
Cracow 1994, 5–36.
[5] R. Ger, A. Gila´nyi and P. Volkmann, 1. Remark (Completeness of normed spaces as a
consequence of the stability of some functional equations), Report of Meeting, Ann. Math.
Sil. 23 (2009), 112–113.
[6] D.H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. USA
27 (1941), 222–224.
[7] D. H. Hyers, G. I. Isac, Th. M. Rassias, Stability of Functional Equations in Several Vari-
ables, Birkha¨user Verlag, 1998.
[8] S.-M. Jung, Hyers–Ulam–Rassias stability of functional equations in nonlinear analysis,
Springer Optimization and Its Applications 48, Springer, New York, 2011.
[9] M.S. Moslehian, 3. Problem, Inequalities and Applications (Eds. C. Bandle, et al.),
Birkha¨user Verlag, Basel, Boston, Berlin, 2009.
[10] Z. Moszner, Stability of the equation of homomorphism and completeness of the underlying
space, Opuscula Math. 28 (2008), 83–92.
[11] Z. Moszner, On the stability of functional equations, Aequationes Math. 77 (2009), 33–88.
[12] A. Najati, On the completeness of normed spaces, Appl. Math. Letters 23 (2010), 880–882.
[13] Gy. Po´lya and G. Szego˝, Aufgaben und Lehrsa¨tze aus der Analysis, Vol. I, Springer, Berlin,
1925.
[14] J. Schwaiger, 12. Remark, Report of Meeting, Aequationes Math. 35 (1988), 120–121.
[15] L. Sze´kelyhidi, The stability of linear functional equations, C. R. Math. Rep. Acad. Sci.
Canada 3 (1981), 63–67.
COMPLETENESS OF NORMED SPACES 5
[16] L. Sze´kelyhidi, On a class of linear functional equations, Publ. Math. Debrecen 29 (1982),
19–28.
[17] L. Sze´kelyhidi, Convolution Type Functional Equations on Topological Abelian Groups,
World Sci. Publ. Co., Singapore, 1991.
[18] S. Ulam, A Collection of Mathematical Problems, Intersence Tracts in Pure and Applied
Mathematics, no. 8, Intersence Publishers, New York, London, 1960.
[19] W.H. Wilson, On a certain general class of functional equations, Amer. J. Math. 40 (1918)
263–282.
1 Faculty of Management, University of Primorska, Cankarjeva 5, 6104 Koper,
Slovenia
E-mail address: ajda.fosner@fm-kp.si
2 Institute of Mathematics, Silesian University, ul. Bankowa 14, 40-007 Ka-
towice, Poland
E-mail address: romanger@us.edu.pl
3 Faculty of Informatics, University of Debrecen, Pf. 12, 4010 Debrecen, Hun-
gary
E-mail address: gilanyi@inf.unideb.hu
4 Department of Mathematics, Ferdowsi University, P. O. Box 1159, Mashhad
91775, Iran
E-mail address: moslehian@ferdowsi.um.ac.ir
